LECTURE NOTES ECO 54 UDAYAN ROY

Game Theory

Game theory looks at rational behavior when each decision maker’s well-being depends on the decisions of others as well as her own.

Game theory consists of cooperative and non-cooperative game theory. In cooperative game theory, it is assumed that the decision makers (or, “players”) are able to sign legally enforceable contracts with each other. Non-cooperative game theory does not make this assumption.

This lecture will concentrate on non-cooperative game theory and its impact on economics.

Cournot’s analysis of duopoly

In 1838, Antoine Augustin Cournot showed how two firms that make up a duopoly could decide, independently and rationally, how much they should each produce. 

First, Cournot developed the crucial marginalist result that a profit-maximizing firm should produce the output at which its marginal revenue (or MR, the additional revenue it would earn from the production and sale of an additional unit of output) is equal to its marginal cost (or MC, the additional cost of an additional unit of output).

Cournot then showed that each firm’s MR depends on the quantity produced by the other firm. For example, if Firm B floods the market (of, say, milk) by producing a large amount (of milk), the market price (of milk) will be low and, therefore, Firm A’s MR will be low. As a result, Firm A will typically produce a small amount if it expects Firm B to produce a large amount, and vice versa. This dependence of Firm A’s output on Firm B’s output is known as Firm A’s reaction curve; see Figure 1.
Similarly, Firm B’s output will depend on what it expects Firm A to produce and this dependence gives us Firm B’s reaction curve.

The interdependence creates a problem: As Firm A’s decision (about what amount to produce) depends on Firm B’s decision, which depends on Firm A’s decision, which depends on Firm B’s decision, and so on and on, how can we deduce the rational decisions for the two firms? This puzzle, rooted in interdependence, lies at the heart of game theory and distinguishes it from the theory of rational consumer or firm behavior constructed by marginalists such as Gossen, Jevons, and Thunen. Gossen and Jevons considered a consumer who has to decide how to spend her income on the various goods that are available for purchase. The consumer takes the prices of goods as given—as something beyond her control, like the weather—and does not need to think about the decisions of others. In game theory, on the other hand, each player must try to predict the actions of the other players because what she should do depends on what others do.
Cournot argued that the rational outcome of the duopoly problem is at the intersection of the two reaction curves: (
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Although Cournot’s 1838 solution was, in the light of John Nash’s invention of Nash Equilibrium more than a century later in 1950, the correct solution to Cournot’s duopoly problem, it did not lead to a general theory of rational behavior by interdependent actors. First, Cournot’s writings were not read widely. Second, he saw himself as solving the narrow problem of duopoly and was unable to see that there was a large class of problems that could be addressed using his technique. Finally, Cournot’s justification for his solution had some unattractive underlying assumptions that ended up convincing economists that although Cournot had the right answer, he did not have the right logic to justify his answer.
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Von Neumann and Morgenstern: two-player zero-sum games

Mathematicians such as James Waldegrave (in 1713), Ernest Zermelo (in 1913), Emile Borel (in 1921-27), and John von Neumann (in 1928) had begun to look at decision-making in parlor games—such as poker, tic-tac-toe, and chess—as the subject of serious mathematical analysis. However, it was not until Oskar Morgenstern, an economist, collaborated with von Neumann to write The Theory of Games and Economic Behavior in 1944 that the problem of rational behavior by interdependent players began to be seen as central to economics.
Von Neumann and Morgenstern analyzed rational behavior in two-player zero-sum games, such as the one in Figure 2 below.
	Figure 2
	Betty
	

	
	Left
	Right
	Min

	Al
	Top
	-10, 10
	-4, 4
	-10

	
	Middle
	4, -4
	1, -1
	1

	
	Bottom
	6, -6
	-3, 3
	-3

	
	Min
	-6
	-1
	


Al has three choices: Top (T), Middle (M), and Bottom (B). Betty has two choices: Left (L) and Right (R). The change in each player’s well-being—also called the player’s “payoff”—is given in the cells within the heavy border, with Al’s payoff first and Betty’s second in each cell. For example, if Al plays M and Betty plays L, Betty pays $4 to Al.
Note that the payoffs in each cell add up to zero. This is why these games are called zero-sum games; one player’s gain is inevitably the other player’s loss.
The question now is, “What will Al and Betty do?”
Assume that each player writes down his or her strategy and puts it in a box, just like people voting in an election or Survivor contestants voting in Tribal Council. A referee—think Jeff Probst in Survivor—then reveals all the choices and gives everybody the resulting payoffs.

Waldegrave, Borel and von Neumann had all discussed a specific rational way to play these games called the minimax solution. This approach argues that each player should look at each of his available options and ask, what is the worst that could happen to me if I choose this option? Then he should pick the option that has the best what’s-the-worst-that-could-happen outcome.
In Figure 2, the worst that could happen to Al is -10 if he plays T, 1 if he plays M, and -3 if he plays B. The maximin strategy is, therefore, to play M. Similarly, Betty’s maximin strategy is to play R. The minimax (or, saddle-point) solution is that Betty pays $1 to Al.

Note that Al (respectively, Betty) had feared that whatever move he (respectively, she) makes, Betty (respectively, Al) would inflict the maximum damage possible on Al (respectively, Betty) and that these fears are confirmed in the end. Betty’s choice of R inflicts the worst possible outcome on Al given the fact that he chose to play M, and Al’s choice of M is the worst outcome possible for Betty given that she chose R. Their pessimism is revealed, after the fact, to have been right on the money.

Von Neumann and Morgenstern showed that every two-player zero-sum game has a unique minimax (or, saddle-point) solution.

Although von Neumann and Morgenstern showed economists how players could make rational choices in two-player zero-sum games, their achievement did not lead to any significant use of game theory in economics. In zero-sum games, one player’s gain is always another player’s loss. In other words, these are games of pure conflict and no cooperation. These games are excellent metaphors for the analysis of sports or military conflicts where one side’s triumph is necessarily the other side’s defeat, but not for the analysis of economic activity where people—employees and employers, buyers and sellers—come together for mutual gain.

John Nash

It was John Nash (in 1950) who provided the crucial breakthrough idea, called Nash Equilibrium, that enabled the analysis of rational behavior in games that are not necessarily zero-sum and may have any number of players.

The Nash equilibrium is a set of strategies, one per player, such that each player’s strategy is that player’s best strategy against the strategies chosen by the other players.

Consider the following game.

	Figure 3
	Betty

	
	Left
	Center
	Right

	Al
	Top
	3, 1
	2, 3
	10, 2

	
	High
	4, 5
	3, 0
	6, 4

	
	Low
	2, 2
	5, 4
	12, 3

	
	Bottom
	5, 6
	4, 5
	9, 7


Note first that this is not a zero-sum game. For example, if Al plays Top and Betty plays Center, Al gets $2 and Betty gets $3. These gains are mutual gains and are not obtained at each other’s expense.
It can be checked that the only Nash equilibrium is “Al plays Low and Betty plays Center”. This is a Nash equilibrium because, given that Al plays Low, Betty’s best move is Center and, given that Betty plays Center, Al’s best move is Low. 

None of the other possible choices fit the definition of Nash equilibrium. Take, for example, the strategy-pair “Al plays High and Betty plays Left”. This is not a Nash equilibrium because, although Left is indeed Betty’s best move when Al plays High, Al’s best move when Betty plays Left is Bottom, not High.
Nash was able to show that virtually any game-like situation that one could think of is guaranteed to have at least one Nash equilibrium.
 In other words, for virtually any problem in the social sciences, the Nash equilibrium concept makes it possible to say something definite about the likely outcome; one does not have to throw up one’s hands in despair. For this reason, it is not an exaggeration to say that Nash equilibrium is the fundamental unifying concept for all social sciences.

Reinhard Selten and equilibrium selection
For some game-like situations, however, there may be multiple Nash equilibria. In such cases, it is not possible to use the Nash equilibrium concept to say something definite about the likely outcome. Reinhard Selten showed a way out of these difficult situations by demonstrating that some Nash equilibria have unattractive properties. Consequently, where there are multiple Nash equilibria, we may be able to reduce the number of equilibria by throwing out the ones with the unattractive properties.

Consider the following game expressed in tree form (or, extensive form).
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This is a sequential game: Al moves first. If Al chooses l, the game ends, and Al and Betty get the payoffs 8 and 10 respectively. Otherwise, Betty gets to choose either L or R. It can be checked that this game has two Nash equilibria:
· (NE1) Al chooses r and Betty chooses R, and 
· (NE2) Al chooses l and Betty chooses L. 

The problem with having two Nash equilibria is that one cannot say anything definite about the likely outcome of this game.

Selten, however, showed that there is something illogical about NE2: although “Al chooses l and Betty chooses L” is indeed a Nash equilibrium, Betty’s choice of L is not credible. After all, if called upon to make a move, Betty will surely choose R because $5 is better than $1. In Selten’s terminology, only NE1 is subgame perfect. In this way, Selten was able to show how the problem of multiple equilibria can be made managable, at least in some cases, by eliminating those Nash equilibria that are not subgame perfect. 

Let us take another game, this time in tabular form (or, normal form).

	Figure 5
	Betty

	
	L
	R

	Al
	T
	6, 10
	8, 10

	
	B
	5, 1
	11, 5


It can be checked that there are two Nash equilibria: 
· (NE1) Al plays T and Betty plays L, and 
· (NE2) Al plays B and Betty plays R. 
However, Selten argued that NE1 is unlikely to occur. To see why, note that if Al plays T, L and R are equally good for Betty. Nevertheless, we cannot realistically expect Betty to play L. She will instead play R because, if Al plays T, R is no worse for Betty than L, and if by chance Al plays B then R is definitely better for Betty. In Selten’s terminology, L is a weakly dominated strategy and Nash equilibria with weakly dominated strategies should be ignored because they are unlikely to be played in a real game. Only NE2 makes sense and Selten called it the trembling-hand perfect equilibrium.
Once again, Selten showed how to turn an ambiguous situation with two Nash equilibria into a definite solution with one equilibrium.

Prisoners’ Dilemma, Conflict and Cooperation in Repeated Games

Returning for a second to the game in Figure 3, recall that the unique Nash equilibrium of that game is the outcome in which Al plays Low and Betty plays Center, for the payoffs 5 and 4. This is what would happen if Al and Betty were rational people pursuing their own interests. But, what if Al had played Bottom and Betty had played Right? Their payoffs would have been 9 and 7, respectively. They would both have been better off!

An important result in economics is that when individuals purse their own interests, the outcome is efficient, in the sense that there is no other outcome that everybody would prefer. This is the ‘invisible hand’ idea of Adam Smith. This is the idea underlying the long tradition in economics that favors laissez faire policies. 
We now see in the game in Figure 3 a counterexample. The rational pursuit of self-interest takes Al and Betty to an outcome in which they get the payoffs 5 and 4. This is not efficient because there is another feasible outcome (9, 7) in which they would both have been better off.

	Figure 6
	Clyde

	
	C
	D

	Bonnie
	C
	2, 2
	8, 0

	
	D
	0, 8
	5, 5


This idea—that the pursuit of self-interest could lead to a bad outcome for all—is further emphasized in a famous game called the Prisoners’ Dilemma. 
In Figure 6, Bonnie and Clyde are bank robbers. The have just been caught and are being interrogated by the cops in separate rooms. The police have only circumstantial evidence of the crimes of Bonnie and Clyde. Therefore, they desperately need a confession from either Bonnie or Clyde to put them away in jail for a long time. Bonnie has two strategies: She can cooperate (C) with Clyde by keeping mum or she can defect (D) by confessing to the crime. Similarly, Clyde can cooperate with Bonnie (C) or defect (D). The payoff numbers in Figure 6 represent, not rewards, but the jail terms that Bonnie and Clyde would get in the various cases. For example, if both Bonnie and Clyde play C, the police will have only circumstantial evidence and, as a result, the two criminals will get away with just 2 years in jail. If both Bonnie and Clyde play D (that is, if both of them confess their crimes), the judge would jail both of them for 5 years. If Bonnie cooperates with Clyde (plays C) by keeping mum and Clyde betrays Bonnie (plays D) by confessing to the robbery, then the judge would be well disposed to Clyde, without whose confession the truth would not have been clearly established, and very angry at Bonnie, who would be revealed to be both a bank robber and a liar. As a result, Bonnie would get 8 years and Clyde would be set free. Conversely, if Bonnie plays D and Clyde plays C, they would get 0 years and 8 years, respectively. 
It is straightforward to check that both players defect (that is, confess their crime) in the Nash equilibrium of this game. (In fact, D is a dominant strategy, meaning that D is one’s best response no matter whether one’s opponent is playing C or D.) As a result, both Bonnie and Clyde end up in jail for 5 years.
The tragedy is that if they had been cooperative (C) with each other, they would have both gotten off with only 2 years in jail! Self-interest strongly pushes each player to betray the other by playing D, which, don’t forget, is the dominant strategy. Unfortunately, the pursuit of self-interest leads to the undoing of Bonnie and Clyde.

The reason why economists pay a lot of attention to the Prisoners’ Dilemma—which was developed by Merrill Flood and Melvin Dresher and formalized by Albert W. Tucker, a mathematician—is not just because it highlights the possible perils of the pursuit of self-interest, but also because the game serves as an apt metaphor for many real-world situations in which self-interested behavior leads to harm for all. When people in the Third World chop down trees and end up creating an ecological nightmare in which everybody suffers, economists see the Prisoners’ Dilemma in action. When nations that are members of OPEC secretly increase their own oil production levels to earn more money but instead end up collectively overproducing and driving down the market price of oil, economists see the Prisoners’ Dilemma in action. 
Although the Prisoners’ Dilemma showed us that the rational pursuit of self-interest could make it hard to achieve cooperation even when such cooperation would be good for us all, it in the end also showed us how cooperation could emerge in a world of self-interested people. 

The key idea is repetition. If Bonnie and Clyde keep robbing banks again and again and, as a result, keep getting caught by the police and keep having to play the Prisoners’ Dilemma game over and over again, the chances are they would end up playing the cooperative strategy (C) of not confessing. If Bonnie and Clyde know that they are incorrigible bank robbers and that they would therefore be playing Prisoners’ Dilemma with each other repeatedly, it can be shown that it would be rational for them both to play the tit-for-tat strategy. In this strategy, each player cooperates as long as the other player cooperates (in previous rounds) and punishes any defection by the other player by defecting in all future rounds. As a result, they both start by playing C and they continue to play C forever. In other words, the fear of future retaliation leads to cooperation among rational self-interested people in the repeated version of Prisoners’ Dilemma, even though such cooperation would never happen in a one-shot Prisoners’ Dilemma. 
This idea about the role of repeated play in the emergence of cooperation was formally proved by Robert Aumann, who won the Nobel Memorial Prize in economics in 2005. However, as many people had known and written informally about the link between repeated play and cooperation, when Aumann stated his formal proof, the result came to be known as the Folk Theorem.

John Harsanyi and incomplete information

Both Nash and Selten received the Nobel Memorial Prize in Economics in 1994. The third game theorist who got the Nobel that year was John Harsanyi. Harsanyi showed how to solve games under incomplete information.

In the games that I have discussed so far—Figures 2-5—there is nothing uncertain about the preferences of Al and Betty. The payoffs to Al and Betty in the various outcomes reflect their preferences over those outcomes. Therefore, Al knows what sort of person Betty is—what Betty likes or dislikes about the various possible outcomes—and Betty knows what sort of person Al is.

However, this is not a realistic assumption if you want to analyze rational behavior in, say, a sealed-bid auction where none of the bidders knows how badly the other bidders want the object. Harsanyi figured out how such games could be solved. This achievement led, in turn, to the widespread use of game theory in the analysis of auctions and other economic phenomena.

Game theory has become an important analytical tool in economics, sociology, political science, and even biology.
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Nash Equilibrium, but not Subgame Perfect
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Figure 1: Cournot’s analysis of duopoly








� Von Neumann and Morgenstern allowed the use of randomized strategies to get their proof. Waldegrave had not only introduced the idea of maximin strategies (in 1713) as a rational way to play zero-sum games, he had also shown that allowing the use of randomized strategies could yield a solution when it is impossible to find non-randomized strategies that solve a game.


� Like von Neumann and Morgenstern, Nash assumed that players could use randomized strategies.


� Before you object that there is something weird about NE2 because, if Al chooses l, Betty does not get the chance to make a move and, therefore, Betty’s choice of L is irrelevant, remind yourself that this is like Tribal Council in Survivor; everybody must write down their choices without knowing the choices of others.
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